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The pitching motion of a circular disk

By W. D. KIM

Boeing Scientific Research Laboratories, Seattle, Washington

(Received 6 November 1962 and in revised form 29 June 1963)

The interaction of a pitching circular disk with the motion induced by the disk
in the surrounding fluid isinvestigated in this paper. MacCamy’s (1961) method of
simplifying the three-dimensional problem of a circular disk to the two-dimen-
sional problem is found to apply in the present analysis. The integral equation
is solved numerically to determine the dependence of pressure, added moment of
inertia, and damping coefficient on the frequency of the oscillation.

1. Introduction

This paper is concerned with the forced pitching motion of a circular disk on
an inviseid, incompressible fluid. The forced motion is assumed to be simple
harmonic in time. If the pitching amplitude is small, the amplitude of the result-
ing waves will also be small in comparison with their length. Therefore the prob-
lem can be linearized by neglecting higher-order terms in the boundary
conditions.

Several authors have considered the problem of forced water waves with
special cross-section geometry, and a summary of their papers was made by
Wehausen & Laitone (1960). A method of solving the problem of an oscillating
obstacle on a free surface by means of surface distributed sources has been given
by John (1950). Properties of the distributed sources lead one to formulate the
problem with an integral equation for determining the unknown density. For
the case of a disk, the kernel of the integral equation does not involve the spatial
derivatives, and moreover it can be evaluated explicitly.

For the problem of the circular disk the known boundary value on the immersed
surface is a simple product of the radial and angular variables. Therefore, follow-
ing MacCamy’s method, the integral equation can be simplified to contain only
the radial variable.

2. General formulation

Suppose the region 7 < 0 is occupied by an inviseid, incompressible fluid.
Consider a rigid circular disk of radius @ placed on the undisturbed free surface,
y = 0, with its centre at the origin of rectangular co-ordinates Z and z. The fluid
motion is created by causing the disk to pitch about the z-axis. It is assumed that
the forced motion is periodic in time with frequency o and is of small enough
amplitude so that small-wave theory can be applied to the resulting motion.
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If we call the angle which the surface of the disk makes with the Z-axis Q(f),

the time-periodic pitch motion can be expressed as

O(t) = Re[@e~], 2.1)

where 0, is the amplitude of the forced motion. After sufficient time has elapsed
for the transients to disappear, the fluid motion becomes time-periodic with
frequency o. Now, assuming irrotational motion, we introduce the time-periodic

velocity potential )
®O(z,7,2; t) = Re[V(Z,7,2) e~]. (2.2)

Incompressibility then implies that
ViV(z,5,2) =0 in y<O0. (2.3)
Pitching of small amplitude will generate waves with amplitudes small in
comparison with their wavelengths. For a free surface of small slope, the pres-
sure and the surface elevation are given by
P(Z,7,2; 1) = —p*qy— p*Q(Z, 7,2 1), (2.4)
and 7(Z,z;t) = —g 17, 0,%; 1), (2.5)

where p* is the density of the fluids, g being the acceleration of gravity. Hence,
the linearized free surface condition becomes

Py+gP; =0 (2.8)
or Vi—kV=0 on =0 (2.7)

outside the disk, where k represents the wave-number which is equal to
o?lg = 2m[A, A being the length of free waves.
On the surface of the disk, the kinematic condition to be satisfied is

. = 70. (2.8)

v
We note here that the immersed surface in motion differs from that in the un-

disturbed position. However, as a consequence of the linearization, the condition
(2.8) is to be satisfied on the latter surface, then

V= —ioc®,Z on the disk. (2.9)

Finally, at a large distance from the disk, the propagating disturbance should be
a radially outgoing regular wave, i.e.

V(7 0,5)—f(0)7 % exp [k7 +iki] = O(1fF) as r— oo, (2.10)

where 72 = 72+ 22, and 0 = tan—! (z/Z).
We transform the space variables and the other relevant variable into the
dimensionless forms

x=7Zla, y=yla, z==%a, a=ka, (2.11)
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where a is the frequency parameter which is equal to o%a/g = 2ma/A. Then the
boundary-value problem described by (2.3), (2.7), (2.9) and (2.10) becomes

(A) Viu(z,y,2)=0 in y <0,
B) u,—au=0 on gy =0,outside the disk,

((C) u, = on the disk, (2.12)
(D) wu(r,8,y)— Ar-texplay +iar] = O(1)r) as r— o,
where the pressure function « is related to the potential function V by
ga®,au(x,y,z) = 1oV (axr, ay, az). (2.13)

3. Integral representation
The solution of the boundary-value problem for a pitching circular disk will
be considered. The problem is to find a function u(r, ¢, ) continuous in the region
y < 0 such that
(A% w7 U+ 1 2Ugg+u,, =0 In y <O,
(B%) u,(r,0,0)—au(r,0,0)=0 for r>1,
(C% wu,(r,0,0) =rcosd for O0<r<l,
(D) wu(r,0,y)— Ar—*texpay +iar] = O(1)r) as 7 —>o0.
With a regularity condition at the edge of the disk
limff uu,dS =0, (3.2)
e—0 Ce

it has been shown by Peters & Stoker (1957) that the solution of the problem is
unique. Here C, represents a half-tube (r—1)2+42 = ¢, y < 0, surrounding the
edge of the disk and » is the normal to the half-tube C..

The potential of a source of unit strength necessary for an integral representa-
tion of the solution is

G(r,p,0,¢,y) = R1— ae‘wf e @12+ 92yt dy +imae HD(ap)
—R+H, (3.3)
where p? = r2+ p2—21p cos (0 — ), R? = pu®+ 4?2, and H{P(ax) denotes the Hankel

function of order zero. Here the potential G satisfies condition (A%) of (3.1) for
(r,0,y) + (p, ¥, 0) and condition (D?) of (3.1) for p bounded. Further,

H,—aH = aR™;

hence, G,—aG = 0R™[oy. (3.4)
We express the potential due to surface distributed sources of strength f as
Ulr,0,y: f) = W(r,0,y: f)+L(r,0,y: f), (3.5)

1
27

L 0.:0) = o [ [ S0,V H dplpay,

39 Fluid Mech. 17

27 1
where W0 =5 [ [ Fe.n B2 dplpay,
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S being a continuous function over 0 < p < 1. Then for any such function f, U
satisfies conditions (A°) and (D?) of (3.1). Moreover, from (3.4) we obtain

U,—aU =W, (3.6)
By a theorem of potential theory,
lim W (r,0,y:f) =0 if r>1,

y—0—

w

)
7)

8)

= f(r,0) if r<]l1. (
Hence, we find that U satisfies condition (B?) of (3.1). In addition, (3.6) and (

3.
now yield U/r,0,0: f)—aU(r,0,0: f) = f(r,0) for 0<r<]L (3.

Thus, if f is determined from the integral equation

fr,0)+a[W(r,0,0: f)+ L(r,0,0: f)] =rcos@ for 0<r <1, (3.9)

U will also satisfy condition (C°) of (3.1). Accordingly, U is a solution of the given
boundary-value problem.

However, the kernel of the integral equation (3.9) is quite complicated.
The given problem will therefore be transformed into a simpler problem using
the method developed by MacCamy (1961).

Applying the operator [ — (2%/0y?) —a¢/oy] to both sides of (3.6) we obtain

02 0 0% (0
( st )ayU= az(a +a)W (3.10)
Since U and W are both harmonic functions of , § and y in the lower half-space
y < 0, we have (A+a?)0U 3y = A(3[oy +a) W, (3.11)

where A = 02/0r% +r~10/or +r~2 02[002.

Suppose U(r,0,y: f) is a solution of the given problem. Since rcosf is an
analytic function in the entire space, then by condition (C°) of (3.1), U may con-
tinue to be harmonic across the disk into y > 0. It follows then from (3.11) that
W can also be harmonic across the disk. Thus, U and W are analytic for y < 0
r < 1. In this case, passing to the limit y = 0 in (3.11), we obtain

(A+a?)rcos 8 = A(0[oy +a) W(r,0,0: f). (3.12)

If the inverse of the operator A is applied to both sides of (3.12) we find
W,(r,0,0: f)+aW(r,0,0: f) = (14+a?A~1)rcosf. (3.13)
By (3.7), fir,0)+aW(r,0,0: f) = h(r, 6), (3.14)

where h(r, 0) = r cos 0 +a?v, and Av = r cos 8. Thus, the kernel of the transformed
problem has indeed a simple form.

We consider the solution
r P
r) = rf p—3dpf 3dt
0 0

of an equation dzw-{-r dw r=2w =7,
! dr? dr -
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and introduce the sum  A(r, ) = r cos 6 + a2w(r) cos 6. (3.15)
Further, let the functions fo(r)cos & and f(r)cos & be solutions of the integral
equations f(r) cos O+ aW[r, 0, 0:f°(r) cos 0] = h(r, 6), } (3.16)
and fHYr)ecosO+aW([r,0,0: fi(r) cos /] = rcosf.

Then, it can be shown (see MacCamy 1961) that the sum of two potentials with
an appropriate constant 4, such as

Ulr,0,0: focos0)+AU[r,0,0: fleos@] = Ulr, 0, 0: fOcos 0+ Af'cosd],

is the solution of the given problem. Now, let us consider how the constant 4
should be determined. From (3.7) and (3.16) we find

(8/2y +a) W[r,0,0: fOcos 0+ Af'cos 0] = h(r,0)+ Ar cos f. (3.17)
Hence, from (3.11) we obtain
(A+a2)0U][r,0,0: fOcos O+ Aficos0]/dy = A[h(r,0) + Arcos0].  (3.18)
Recalling that A(rcos ) = 0, and using (3.15), (3.18) can be expressed as
(A+a2)0U[r,0,0: focos 0+ Afteos /oy = (A+a?)rcost. (3.19)
Thus, it follows that (A+a®)T(r,0) =0, (3.20)
where T(r,0) = 2U[r,0,0: focos 0+ Af' cos 0]/dy —rcos 6. (3.21)

Moreover, the solution of (3.20) is given by T'(r, §) = aJ(ar) cos§, J;, being the
Bessel function of order one. In order that U satisfy boundary condition (C?)
of (3.1), the constant A should be chosen to make the coefficient o zero. Since
J1(0) = 1 and J;(0) = 0, the condition

ol (r,0)jor =0 at r=20 (3.22)
insures that oU[r,0,0: focos G+ Af'cos ][0y = rcosH.
Now, from (3.6) and (3.16) we find
oU[r,0,0: focos 6 + Af'cos0]/oy
= (0/oy +a) W[r,0,0: fPcos 0+ Aftcos 0]+ aL[r,0,0: fOcos § + Aflcos 0]
= h(r,0) + Arcos 0 +aL[r,6,0:f0cos 6]+ AaL[r,0,0: flcos 0]. (3.23)

Here, from the previous definitions, (3.3) and (3.5), we have
27 1
L[r,0,0: fcost] = — L f Sf(p)cosyr
2 0 0

x [ f e~ u? 4+ 2)~t dyy — iﬂﬂhl’(aﬂ)] dppdy, (3.24)
0
but, as shown in appendix 1, (3.24) can be transformed to

1 o
L[r,0,0: fcosl] = —af pf(p)f Mdtdp cos
0 0 a+t

r 1
ima 1an) [ pfip) Jap)ap-+ gen) [ o) TP (ap) ) o0

= I[r,0: flcos 0. (3.25)
39-2
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Substituting (3.23) and (3.25) into (3.21) we write
T(r,0) = {a®w(r)+ Ar +al[r, 0: f0]+ Aal[r,0: f1]} cos 0;

then by (3.22) the constant A can be determined from the condition

Ed;{azw(r) + Ar+alfr, 0: fo]+ Aal[r, 0: f1]} cos 0],..,
= {al'[r, 0: f0)] o+ A +Aal'[r,0: f1]|,_o} cos O = 0.

al'[r,0: f|,— )
T L+alr, 0: f),m’ (3:26)

Next, we proceed to calculate the derivative of the function / at » = 0. Since

Hence A=

dJy(rt)[dr|,—o = 3.
4 = Jy(rt) Ji(pt) _1 f ' ti(p )
ar ), AP 7;t~dtdplr=o—§ 0pf(p)f0 v i1 Gap.

Further, we find :li [H D(ar f pf(a) Jy(ap dp]

=0,

r=0
and d%[ f pf(p) HP (ap dp] f pf(p)H{" (ap)dp.
Hence, we obtain the derivative of (3.25)

l’[r,Orf]l,=0=—%af pflp f ! J(pt)dtdp+2ma2f pfp) HM (ap)dp. (3.27)

Now, by the identity (Grobner & Hofreiter 1961),

r=0

©
f x+kJ(am) dr = —{mk[S_,(ak) —Y_,(ak)],
(3.27) can be written in the simple form

Ur, 0: fll—0 = %ﬂazf pf(P)S_1(ap)—Y_y(ap)] dp+%i7m2f pf(p)H (ap)dp, (3.28)

where S_; and Y_; denote the Struve function and Neumann function of order
— 1. Lastly, the relations among various functions,

S4(z) = Wy(z), Y ,(2) = —Xi(2),
and HD(z) = Ji(z) +iT(2),
where W, is the Weber function of order 1, permit us to write
V1, 0: fll g = 1702 [ pf(p) Witap)  Yap) +i2gaplldp. (3.29)
The substitution of (3.29) into (3.26) yields

tma® f p(p)[Wi(ap) — Yi(ap) +i2J,(ap)] dp

4= (3.30)

1+ 3ma® f pfHp) Wi(ap) — Xy(ap) +1i2J y(ap)]dp
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Thus, we have reduced the solution of the given boundary-value problem to
the solution of (3.16). With known values of f° and f1, the constant 4 can be
evaluated by (3.30). Finally, we obtain the solution in the form

u(r,0,y) = Ulr,0,y: f(r,0)] = U(r, 6, y: fOcos 0+ Af'cos 0). (3.31)

4. Added moment of inertia and damping coefficient

We relate the moment acting on the pitching disk to the quantities called the
added moment of inertia and damping coefficient. Then we shall consider the
limiting values of these quantities when the frequency parameter @ tends to zero.

The moment acting on the disk due to the dynamic fluid pressure is given by

ff p*®) 7 cos (n,y)dS. (4.1)
For small oscillatory motions, the linearization (see John 1950) yields the first-

order moment as
GA(t) :ff (—p*®)ZdS,
8%z, 2)

where S represents the immersed surface of the disk in motion, while S° denotes
that in the undisturbed position. From (2.2) and (2.13) we then have

GA(t) = p*ga"@oReff xauewtds. (4.2)
S, 2)

Since the angular velocity and the angular acceleration of the pitching motion

are given by ® = Re[—i00,e~"1], ® = Re[—0?0,e-1,

if we express the first-order moment as

GY(t) = —Iad — Hao, (4.3)
we obtain ;750_74 = leRe Uf Dw[au(x, 0,2)] dS}, (4.4)
and *a40' a, Uf x[au(z, 0,2 ]dS; (4.5)

Here I and H are called the added moment of inertia and the damping coefficient,
respectively. Hence, in terms of polar co-ordinates we have

I 1 2m 1
I= e = zLRe{fO fo r cosO[au(r, 0, 0)] rdr d@} , (4.6)
H E lI 2m 1
= P = m{fo fo rcos Olau(r, 0, 0)]7'd7'd0} , (4.7)

where we find from (3.8) that the pressure function au is related to the density
f(r,0) of the distributed sources by

au(r,0,0) = rcos 0 —f(r, )
= rcos 0 —Re[f(r,0)] —¢Im [ f(r, 8)]. (4.8)
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When y = 0, by the identity (Grébner & Hofreiter 1961)
[ e a2yt ay = 4misan) ~ Yygann,
the potential of a source of unit strength (3.3) can be evaluated explicitly as

G(r,p,0,¥: a) = ' — dma[Yo(an) + Solan) — i2Jy(an)). (4.9)

The functions appearing in (4.9) have expansions of the following form

o] 2 0
Tap) = S A, (1)am, Syap) == T B, (x) e,
m=0 m=0
b © [*)
and Vo) = 2 |loga £ A(matn+ S Cyipatn],
m=0 m=0
where Ay=1,4, = —p?/2% .. By=pn, B,= —u313,...,

Co=vy+logiu, O, = —(y+logiu—1)u22?, ...
Rearranging power series of parameter a we obtain

0

G(r,p,0,%:a)= 3 P ar+ V‘ Q.a"2loga, (4.10)
n=0 n—O
where Fy=1/p, P =imn—y-—logtuy, FPo= —p,...,

Q0= -1, Q1=0, Q2=ﬂ2/22»'-‘-

We shall, therefore, develop the asymptotic solution of the integral equation
(3.9) which depends upon parameter a in the form

f(r,0 Z Efwa2 aloga). (4.11)

1=0j=

As shown in appendix 2, it turns out that

f(r,0: a) ~ foo+af g +alaloga) fiy +a’foy+a*(aloga) fo +a3fyy,  (4.12)

where
2w
fuw=reost, fo= 5" P  dppay,
f11=0’
1 [om fip 1 (" [lpcosy ]

—_——— —_— 1 _

Fo==5,1 fo [('m y=logiupeosy —5 f f w epdv|dppdy,
27 2w cos

fa==g5 . [ (] [ 2 dopap) dppay,
and

1 (2= 1 . 1 [?" [Mpeco
Joo =51, f{ﬂpcosz/f+(w—7~10g%ﬂ)%f fp Y dppdy
27 27 3
wilg ), [ (Fegtnocosy v o {7 [ 22V dppay) appav] | dppay.
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Substituting the solution (4.12) in (4.6) and (4.7) we obtain the following first
non-vanishing terms,

1 (2n pi[(2n (1]
=Tf f [J f —pcosz/fdppdz/f]rcosﬁdrrdﬁ, (4.13)
“mjo Jo LJo Jo M

a2 (%7 (1 2 *1]
and  H(0) = g N fo [fo fo ;Lp cos I/Idppdtlf]rcosﬁdrrdﬁ = O(a?), (4.14)

where p2 = 72+ p2—2rp cos (0 — ). Note that as the parameter a tends to zero,
the normalized damping coefficients H vanishes while the normalized added
moment of inertia I approaches a non-zero constant.

5. Numerical procedure

We present here a numerical method for finding the approximate value of the
unknown function fi(r, 8) = fi(r)cos 8, j = 0, 1, in the integral equation (3.16).
Presently, a scheme of evaluating the limiting value of the normalized added
moment of inertia will also be shown.

Let us begin by writing (3.16) as

fitrycos O +aW[r,0,0; fi(rycos 0] = gi(r)cosf (0 < r < 1), (5.1)
where the integral W is given by
1 27 1
W(r,0,0: f) = 2—7Tf0 fo flp)eosyru~tdppdi, (5.2)

12 =124 p2—2rpcos(0—).
First, setting o = 72+ p2, f = 2rp,and ¥ — 0 = v, we evaluate the yr-integration in

(52) 27 m
f cosyr yldyy = 2cos Hf cosy[a—pfcosyltdy.
0 0

Then by (A 1.3) in appendix 1, we find

[ cwaa = ssositae s ([ (2F5) (5] ] -2 (5)

_ 2c080[pE4r2 .
o [p-H‘ A(k)_(p""')E(k)], (5.3)

where k denotes the modulus of Jacobian elliptic functions given by
k* = drp[(p+1)*

Substitution of (5.3) into (5.1) yields the integral equation relating boundary
values only on the radius of the disk,

J 2
f == [pp::-: (k) — (p“)E(k)] dp =gi(r) (0<r<1). (5.4)

We observe that the integral term will vanish for » = 0, hence f(0) = ¢?(0), and
forp = Otheintegrand becomes zero. Further,atp = r, the kernel of this equation
is logarithmically singular since

lim [K(k) —In

k—1

4 |4
(1—7{:2)5‘] =0. (5.5)
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Let us introduce a regular function R by
R(k) = K(k)+In (1 —k2)}, (5.8)
then (5.4) may be written as

o T P+7

x ‘P:::z n(p+r)+RBk)]—(p+r) E’(k)} dp = gi(r). (5.7)

Here our procedure is to divide the interval (0, 1) of the first integral of (5.7)
into the subregion about the point of discontinuity (r—h,r+#%), and for the
remaining region we write

fip) pPr®
J(r) = fo r prt In|p—r|dp

o v fp) pPart
= + + In rld, 5.8
fo fr—h r+n T p+T lp=ridp. (58)

Now we make use of the following approximate quadrature formula for r =+ 1
which would give exact results if ¥(p) were polynomials of degree less than or
equal to three, i.e.

[P mlp—rdp = 4 (=) P~ )+ P+ B+ $50m b= ),

and for r = 1 a similar quadrature formula

1

F(p)In(1—p)dp ~ 3h(In2h+1) F(1 - 2h) + 4k (In 2k — 3) F(1 —h)
1-2h
+1h (In 2h—17) F(1).

For example, in the case of r + 1, we find the approximation of the integral over
the subregion as

r+h 7
S(r) _J:—h frp) pp::-r In|p—r|dp
h(2r—h)

~sh(lnkh—%)fi(r)+3h(Inh— )[ ror k)__‘f i(r —h)

2ri 4 b2 41) 3
r(2r+h) Fr ] (5.9)

Then the substitution of (5.8) and (5.9) in (5.7) yields
2_
[1__4_“@ ]f; _%1 h— 3)[27 27',, .h__)f; (r—h)

3 r(2r
2r% 4+ B(2r + h)

@ f’ fi(p) pP+1*
(27‘+h f ] fo r+h T p+7‘1 'p T]dp

1 2
+ng f_;/’.‘/;_i:_ [1n(p+r)+R(k)]—(p+T)E(k)} dp

=gr) (0<r<1). (5.10)
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We remark here that within the subregion, the coefficient of the logarithmic term
is assumed to be a polynomial of degree equal to or less than three. This permits
the use of a larger interval size than would be possible if the coefficient were
assumed to be constant within the subregion (as is often done). In (5.10), the
remaining integrals are readily approximated by application of Simpson’s and
the trapezoidal rules. Further, we observe that the unknown function fi(r) is
a complex function. However, the kernel of the integral equation is real, and the
imaginary part of the given function Im [¢7(r)]is zero, hence we have Im [ fi(r)] = 0.
Here, the real parts of gi(r) are given by Re [¢°(r)] = r + }a®? and Re [¢}(r)] = r,
respectively.
From (4.13) and (5.3), as the parameter a tends to zero, we have

J%rf if [ppij-z K(k)—(p+7) E(k)] dp} r2cos2 0 drd@

:er{f p[pp:fﬂ(k)—(pw)lf](k)] dp} dr. (5.11)

Note that for r = 0 the integral becomes zero, and for p = 0 the integrand of
(5.11) vanishes. Now, by use of the regular function R, (5.11) may be expressed
in the form

e p(p +r ,0(,0+ %)

_f ’D—(Qr—tr—)E(k)dp dr. (5.12)
0

The limiting value of I can therefore be evaluated in a manner quite similar to
that used for evaluating the integral term in (5.4).

Next, let us examine the behaviour of the integrand of (3.30) as p approaches
zero. It can be shown that

. . 2 .
lim [pWy(ap)] = 0, Lim[pY(ap)] =—, and lim[pJi(ap)] =
p—0 p—0 ma p—0
Since fi(0) = ¢7(0) = 0, the entire integrand vanishes when p = 0, i.e.
hm{pf’ ) [Wi(ap) ~ Yi(ap) +1i2J,(ap)]} = 0.

Furthermore, we observe that as the argument ap becomes large,

Wylap) ~ —Yy(ap),
hence

. . _ sin (ap —4m) . cos(ap—im)
Jim [ap) ~ Vo) +i2ap)) = —2| AT e 0 )

= 12 (2/map)} elar—im, (5.13)
Therefore, this term in the integrand of (3.30) fluctuates as the parameter a

increases. This implies that it is necessary to take a finer interval for large value
of a in order to obtain the same accuracy in the numerical results.
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Let us designate the real and imaginary parts of the denominator of (3.30) by
Re D and Im D, and those of the numerator by Re N and Im N, then we have

(ReD) (ReN) + (Im D) (Im N) d ImA — (Re D) (ImN) — (Im D) (Re N)
(Re N)2+ (Tm N)? ane = (Re N)?+ (Tm N)2 :
(5.14)
The computational procedure is to divide the interval of integration (0, 1)
into as many equal parts as practical. Then, at each grid point the integral terms
in (5.10) will be evaluated by Simpson’s rule to form an approximate system of
linear equations relating the values of f/(r) at selected grid points. Solving the
linear equations, we can determine the unknown fi(r). Then we proceed to evalu-
ate the real and imaginary parts of the coefficient 4 by (5.14) using Simpson’s
rule. Thus, the solution of the integral equation

ReAd =

f(r,0) = [fo(r) + AfY(r)] cos &
= [f%r) + (Re A) fi(r)] cos 0+ +(Im A) f1(r) cos §
= Re[f(r,0)] +Im[f(r, 6)] (5.15)

can be determined approximately. Now, with the values of the real and imagin-
ary parts of f(r,0) at hand, we can evaluate the dynamic pressure at the grid
points by use of (4.8),

p° = au(r,,0) = [r—f%r)— (Re A) fi(r)] cos 6 —¢(Im A) f(r) cos &

= Re p%+41Im p° (5.16)

and its intensity by |p°| = [(Re p®)2+ (Im pO)2]t. (5.17)
In addition, the phase lag of the pressure is

¢ = tan~! [Im p°/Re p°]. (5.18)

It follows, then, from (4.6) and (4.7) that the normalized added moment of
inertia and damping coefficient can be evaluated from

I_—frz[r —f%r)— (Re A)f(r)] dr, (5.19)

H= —gflrz(ImA)fl(r) dr. (5.20)
0
6. Results

A numerical method of solving the integral equation (3.9) of two variables was
congidered in an earlier paper (Kim 1962). Using the numerical solution of (3.9),
the normalized added moment of inertia I, and the normalized damping coeffici-
ent H of a pitching circular disk were evaluated as a function of the frequency
parameter @ = o?a/g. The numerical scheme was based on establishing a suitable
lattice on the circular disk (and the elliptic disk) lying on the (z, z)-plane for the
finite difference representation of the integral equation. The z-axis of the disk was
divided into sixteen equal intervals A, while the ordinates parallel to the z-axis
were divided into eight equal intervals k{x); thus each point on the lattice has
the co-ordinates

x,=(1—8)h ({=0,1,...,16, where b = }),

N ! (6.1)
2(@) = (j— D k(z) (j=0,1,...,8, where k(z,) = }(1—ah}).]
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Eighty-two linear equations were required to relate the values of Re[f(x,z)]and
Im [f(x,2)] in (3.9) at forty-one pivotal points (located in one quadrant of the
lattice). For reasonably large values of a, however, the function G given by
(3.3) is approximated by

Xx,0,2,£,0,0) ~ r+1i(2ma/r)t eilar—im), (6.2)

where 2 = (x —£)2+ (2 — )2, and the quadrature of such an oscillatory function
requires a quite small finite-difference interval. If the original intervals (6.1)
be bisected, there results 290 equations for 145 pivotal points.

The present study was undertaken chiefly to avoid the need for handling such
a large number of linear equations in order to obtain accurate numerical results
up to a & 4-0, which covers the physically significant range of the frequency
parameter. Furthermore, the new results may be used to ascertain the validity
of the numerical scheme adopted previously for obtaining the solution of (3.9).

Here we begin by dividing the radius of the disk into thirty-two equal parts
so that four times as many intervals as in the case of two variables are obtained
on the radius. The integral equations (3.16) are then replaced by two finite sets
of linear equations relating the unknowns f° and f* at each pivotal point. After
the numerical solutions of these linear equations have been found by the elimina-
tion process based on the algorithm of Gauss, the real and imaginary parts of the
constant 4 can beevaluated using (3.30)and (5.14). The term (5.13)in theintegrand
of (3.30), however, possesses an oscillatory tendency as the parameter a increases.
Nevertheless,in the presentmethod a finite-differenceinterval can readily be made
smaller without excessively increasing the number of linear equations because the
quadrature depends upon only one variable. The alternative method of finding
the solution of the integral equations (3.16) would be to use the iteration process
suitable for the equation with logarithmic kernel described by Wagner (1951).

The computation is performed for ten values of a, i.e. 75, §7, 4, }m, 4, &m,
tm, 2m, m, and $7. By the definition of the frequency parameter, the minimum
and maximum values of a correspond to the cases in which the length of the wave
generated by the forced pitching of the disk is equal to 12 to 0-8 times the dia-
meter, respectively. Using computed values of the source density along the
radius of the disk we can evaluate I and H by (5.19) and (5.20)

We remark here that the accuracy of the computation can be checked by
evaluating 4 by a formula (A 3.13) in appendix 3. For the evaluation of H by
(5.20) only the imaginary part of the pressure acting on the surface of the disk
isnecessary. However, in the formula (A 3.13), in order to consider the energy of
radiating waves at large distances, we require both real and imaginary parts of
the pressure. In table 1, the values of H evaluated by these two methods are
presented. The comparison of results indicates the good accuracy of the present
computation.

In figures 1 and 2, the dependence of the normalized added moment of inertia
and normalized damping coefficient on the frequency parameter are presented.
The solid lines represent the results computed by the present method, and the
circles indicate the results obtained by the previous method (the method using
(3.9)). The values of I obtained by the previous method are somewhat lower
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H evaluated H evaluated
a by (5-20) by (A3.13)
& 0:0023 0-0023
m 0-0138 0-0138
im 0-0210 0-0210
3 0-033 0-033
in 0-054 0-054
am 0-068 0-068
i 0-083 0-083
2 0-096 0-096
T 0-097 0-098
5n 0-093 0-095
TasLE 1

0-32

@ 5\
®
028 ©
N
024

N

I or Ijpas

0-20
0 1 2 3 4

a = da(o?/g)

Fieure 1. The dependence of the normalized moment of inertia
on the frequency parameter.

012 ;
— ]
® ® 3
£
» 008
i)
A
[a¥]
S
Q
R 0-04
0
0 1 2 3 4

a = a(c/g)

Fieure 2. The dependence of the normalized damping coefficient
on the frequency parameter.
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throughout the range of the computation, while the values of H obtained by the
previous method are in good agreement with the present results up to a ~ 1-0,
and then tend to lower values. These facts indicate that to improve the accuracy
of the results in the method using (3.9) finer finite-difference intervals must be
taken.,

The limiting value of the normalized added moment of inertia, as a tends to
zero (computed by (5.12)), is 1(0) = 0-266.

Next, we present the strip-method evaluation for the circular disk problem by
making use of the data from MacCamy’s unpublished note, ‘The rolling motion
of strip’. Let us denote the dynamic pressures of the two-dimensional raft
problem and the three-dimensional circular disk problem for a given value of the
parameter a by

my(a) = —p*o®y(7,0,¢; a)/ot and mg(a) = —p*oD4(7, 0,2,¢; a)/ot.

The half-width of a circular disk of radius ¢ at distance Z from the centre is
w(Z) = (@2 —7z2)%, hence we have

kw(z) = (a/a) (@2 —22)F = a(1 —22[a2)}. (6.3)

Over the strip w(Z) dz, if the pressure m,(a) is approximated by m,{a(1 —2%/a?)}},
the approximate moment acting on the pitching disk of small draft is given by

a w(z)
G* = f i f mofa(l —22a?)y xdzdz
—a

—w(2)
a (fuw(z)
=4f f mla(1—22fa?)ty zdzdz. (6.4)
0J0

For the raft problem, the moment is related to the two-dimensional normalized
added moment of inertia and normalized damping coefficient by

2fl7r2(ar*)x do = —[p*BL(a*)]10—[p*PPaH,(a*)]l6, (6.5)
0

where kl = a*. Hence, by (6.3), the relation (6.5) can be applied to (6.4) to yield

G* = —2p* f:(a2 —22)2 L{a(1 —22/a?)}}dz 0 — 2p*0 f Oa(m —22)2 Hy{a(1 —22/a2)}} dZ 6.
(6.6)

Then, by (4.3), (4£.6) and (4.7), we may equate the approximate moment to the
three-dimensional normalized added moment of inertia and normalized damping
coefficient for the circular disk problem as

G* = —[p*atly(a)]al —[p*ato Hy(a)]ab. (6.7)
From (6.6) and (6.7) we obtain

L(a) = 2]01(1 — 222 Li{a(1—22)}} dz (6.8)

1
and Hy(a) = 2 f (1—22)2 Hy{a(1 —2%)}} dz, (6.9)
0

where z represents z/a.
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The computed values of I; and H, using MacCamy’s data (I, and H,) are com-
pared with the present results in table 2. It can be seen that the strip-method
evaluation gives higher values than the more accurate present method through-
out the range of the computation.

1

im
im
im
2

n

I I, H H,
0-288 0-368 0-0138 0-0534
0-298 0-349 0-054 0-107
0-281 0-308 0-083 0-129
0-260 0-281 0-096 0-126
0-227 0-245 0-099 0-116

TABLE 2

[°]

|
0 0-25 0-50 0-75 1-00

Ficurr 3. The pressure intensity along the axis perpendicular
to the axis of rotation.

0‘8 ‘ 1
| i
; a=m m ;7 im
0-6 - 5 - N
|
€ 04 l

A
0 — |
0 025 0-50 075 1-00
7/a

Ficure 4. The phase lag of pressure along the axis perpendicular
to the axis of rotation.
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The pressure distribution and the phase lag of the pressure for values of
a = ¥m, §m, 37, 7 and 7 along the positive x-axis (perpendicular to the axis of
rotation of the disk) are shown in figures 3 and 4, respectively. The pressure along
the axis of rotation is zero, and it reaches a maximum at about eight-tenthsradius,
At the edge on the x-axis, the pressure has a finite value so that it will create a
wave disturbance there. The pressure intensity increases as the frequency in-
creases. It should be noted that the pressure distribution in the angular direction,
as has been assumed in the analysis, depends only on cos6.

For a sufficiently large value of ¢, however, Holford found that the pressure
along the x-axis is given by

p(r) = (4a/3m)r(l—72)t (0 <r < 1). (6.10)

It follows then that the maximum pressure will occur at 1/,/2 radius, and at the
edge it will vanish.

In figure 4, a sharp rise in the phase lag can be noted between the three-
quarter radius and the full radius. The slope of this rise increases with increasing
values of the frequency.

The author expresses thanks to Prof. R. C. MacCamy, who suggested the prob-
lem and gave valuable advice concerning it; and to Dr T. E. Turner, who has
supervised the research. The author is also indebted to Prof. T. Nishiyama, to
Dr J.F. Price and to Dr M. Graham for valuable discussions.

Appendix 1
The integral L(r, 8, y: f) is defined as

2n
L(r,0,y: f) = — ffp ¥) [e‘”’f e (p? + 7 )‘i‘dﬂ—we"”ﬂ(”(aﬂ]dppdlﬁ
v

hence, for y = 0, and f(r, 0) = f(r) cos 8, we have
Lir,0, O:fr ) cos 0]

hf fp) 0051#“ e u?+ %)~ ’l’dn—iﬂH«%”(aﬂ)] dppdyr. (A1.1)

Now, recalling that p is given by u® = 7%+ p?— 2rp cos (0 — o), if we set
r+p2+ni=0a, 2rp=p and Yy—-0=1,

27 =] © 27
f cos lﬁf e~ (p2+ 92y tdydy = f e—avf cos Y [ — B eos (Y —O) "t dyrdy
0 0 0 0
© 2n—0 .
= f e‘“”f cos (v + 0) [ — fecos y]-t dydy
0 -6
@ 27 N 27
= f e {cos ﬁf cosy[oe—fcosyl2dy—sin ﬁf sin y[oe— B cosy]tdy} dy
0 | 0 0

= 2cos ﬁfwe—a’lf cos y[ee — fcos y] 2 dydy. (A1.2)
0 0
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Here, replacing y by 7 — 6, we find

f”cosy[a—ﬂcosy]“%dy = —focos (m—8) [ — B cos (m—8)]tds
0 m

= f”cos d[a+ B cos bt ds
0

- zf"[oc+/fcosa]~%da_ 1 f"[a+ﬁcosa]% ds.
Blo Blo
From the identities in Byrd & Friedman (1954)

r[a +fBcos012d0 = 2(a+B)F F(ie, k)
0

and Jw[cx+/)’cos 01 do = 2(a+ B EGe, k),
0

we have

fo""osv[a—/fcos Vit dy = 20t By F3m, k) - 26+ A B(im, o)
= 26-Ya+ B)} [aK (k) — (a+ B) B(k)), (A1.3)

where k denotes the modulus of Jacobian elliptic functions, and &2 = 28/(a + f).
In particular, when ¢ = %, the integrals F(inm, k) = K(k) and E(in, k) = E(k)
are the complete elliptic integral of the first and second kind, respectively.
Further, from the identity (Byrd & Friedman 1954),
[T astyat = 1jem) o 12 -2 Ko — 280,
0

we find

fowe—V‘Jl(rt) - (pt) dt = (g a‘fﬂ) [(z = Zf p’) A(k)—ZE(k)]

= (2/nf) (a+p)t[aK(k)—(a+ ) E
It follows then from (A 1.3) that

f”cos y[e—pBeosyltdy = ﬂf e~ (rt) Jy(pt) dt, (Al.4)
0 0
and the substitution of (A 1.4) in (A 1.2) yields

f cosz/f ”“’I,M + 2y tdydy = 27rcosl9J~ —‘“If e~ (rt) Jy(pt)didn
0

= 271 coS ﬁf Jy(rt) Jy(pt) [f e—(“”)’idn] dt
0 0

= QWCOSGJdet. (A 1.5)
0 a+t
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Now, by (A 1.5), (A 1.3) can be expressed as

L[r,0,0: f(rycos 8] = —aJ::pf(p)wa )+t( )dtdp cost

+%iaf of(p f HV(ap)cos yr difrdp. (A1.6)
It can be shown (Morse & Feshbach 1953) that H{’(au) has the expansions

HP(ap) = Jy(ar) HP(ap)+2 S J,(ar) HP (ap) cosn(@ —r), for p >r,

5 1148

= Jolap) HP(ar) +2 S J,(ap) HY (ar) cosn(@ —), for p <r.

n=1

Hence, we find
fH”H(l)(a/L) cos Yy dyr = 0+ 27 cos 0 J,(ar) HP(ap) + O(cos 20) (p > r)
0
= 0+ 27 cos 0 Jy(ap) HP (ar) + O(cos 260) (p < r).
(A1.7)
Finally, from (A 1.6) and (A 1.7), we obtain

L[r,0,0: f(r)cos 0] = — afolpf(p) [f: A )+ t(pt) dt] dp cos O

+i7ra[f pf(p) Ji(ap)dp HP (ar) fpf ) HP (ap) dpJ(ar)] cos 0

= I(f)cos 4. (A1.8)

Appendix 2

For small values of the parameter a we develop the solution of the integral
equation

g0+ 5 [ [ Ao ) 6rp 0.y vdppay = xr0) (A2
~ 0 0

P a4+ ¥ Q. a"2loga. (A2.2)

=

where aG(r,p,0,¢: a) =

i14s

From inspection of (A 2.2) we shall consider the asymptotic expansion

f(r,0) ~ fi;a%(aloga)l, (A2.3)

048
Irs

07

.~
Il

where the power products ai(aloga)’ can always be ordered as to their rate of
vanishing as the parameter a tends to zero, viz.
“(al i
m @ elogay_ (A2.4)
a0 @(aloga)’
40 Fluid Mech. 17
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ifi'+j > i+j,ori’+5 =1i+jand j > j'. Now, the integral term in (A 2.2) can
be written in power series as

27 1 oo ® ©
1 Yy © [P fyartititi(logay + Q, fi;amt it (log a) ] dp pdir
2mJo Joi= 07 0 n=t

2n
f 3, (B @m(logay™] dpp dyp. (A2.5)
01=0m=0
Here indices are related as
n+i+j+1l=1+m and j=m
n+i+j+2=I4+m and j+1=m,
and therefore we find that in both casesn =l—7—1, and

-1
im — V l —i— 1f1m+ HQZ —i— lf'Lm 1 (A2'6)

'L:O

E

Suppose the known funetion 2* has an expansion

h¥(r,0) = X b,
=0
then we may express (A 2.1) in the form

27 f1l 0

S 3 fyna(loga)™ + S 3 Byan(logaytdppdy = X het. (A27)

1=0 m=0 27 0 1=0 m=0
From (A 2.7) we find if m = 0
2n
fo=t=g [ [T Bssodopan, (A28)
and ifm £ 0
27 1 z 1
f B i fimt Qi fim—a) dppdif. (A2.9)

We observe that (A 2 8) and (A2. 9) are recurrence formulas by which the co-
efficients f;; can be determlned successively. For example, we obtain the first
few terms from (A 2.8):

fOO B kﬂ’ 1 2r 1
fu=tr=5: [ [ Poswdppdy,
01,, [7[} ®tws P donay. | (42.10)
fao =Ty o f [ PPt Bt dpoap,
and, from (A 2.9), =0 forallm, (A2.11)
and fu=—5], f (Bofun-+ Qoo dp l
fia =0, (A2.12)
fa==3s] [ Bfu+ o+ dppdwl
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This process ultimately leads to (A 2.3). We say f(r,0: ¢) has an estimate of
degree (¢,j) if ) .

f(r,0: a) = P(a,aloga)+Olat(alog a)’], (A2.13)
where P is a polynomial of degree (¢,7). From (A 2.2) we find

a@ = —aloga+ O(a?loga);

hence, the product of aG with a polynomial of degree (,j) is a polynomial of
degree (¢+ 1, + 1) in addition to terms of O[ai*+(a log a)i+1].

Suppose that by computing fu, f10s - - > fam We have shown f(r,d: @) to have an
estimate of degree (I,m). Substituting this estimate in the integral term in
(A 2.7) we obtain a polynominal of degree (I +1,m + 1) plus terms of

Ola**tY(alog a)™+1].

The right-hand side of (A 2.7) has the estimate of degree ({, 0) for all /, hence
(A 2.7) yields for f(r, : a) an estimate of degree (! +1,m + 1).

Now, retaining the terms with h, = r cos f in the coefficients f;; we may write
the asymptotic solution as

f(r,0: a) ~ foo+afiy+alaloga) fi; + a®fa +a¥(alog a) fo +a%fs. (A2.14)

Appendix 3

Here we present another method for evaluating the damping coefficient of a
pitching circular disk based on a consideration of the energy associated with
radiating waves. Substitution of (C) of (2.12) into (4.5) yields

;*_167"4; =Im Uf 0uuyolS}. (A3.1)

Note here that, since u, is real, we have uu, = wi, = uu,. The normalized damp-
ing coefficient is therefore given by

o= «ﬁ— Im :ff nuundS}. (A3.2)

patc

Let us consider a region D lying inside a vertical half cylinder which is bounded
by a cylindrical wall C, the disk S°, and a portion of the free surface S;. Since the
function % is harmonic in D, then in applying Green’s theorem we observe that

Im {ffguﬂndS: + Im{ffs uﬂndS} + Im{ffs wn, dS} = 0. (A3.3)
* 5

From the free-surface condition {B®) of (3.1), we have
u, = 7, = ai. (A3.4)

Hence wu,, = a|u|?is real, and (A 3.3) reduces to

ImeSQunndS} = —Im{ffcuﬁndS}. (A3.5)

40-2
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Thus, if » denotes the radius of C' we can express (A 3.2) in terms of the energy

of radiating waves as

27 0
H:—Im” f uﬁ,dyrdﬁ}.
0 —

(A 3.6)

For a mode of pitch, the potential of radiating waves at large distances takes

the form )
u ~ F cos @r—teavtior,

Hence, U, ~ —iaF cosfr—tew—ior,

Substituting (A 3.7) and (A 3.8) into (A 3.6), we find
27 0
H = af f |F|2cos? e dydf = Lm|F|2
0 —

On the other hand, from (3.3) we have
G ~ imaeHP(ap) as r—> 0.
Therefore the direct evaluation of the potential yields

e o 2ﬂflf (p) cos yr [imae™ H{ (au)1dp p dyr
0

2770

1
= iameH{P(ar)cos0 [ f(p)p(ap) dp
0

~ (=) (antrtosoersio [ fp)plap)dp (> p)

where H{(ar) ~ — (1 +1) (anr)~t as r - c0.
Now, comparing (A 3.7) and (A 3.11) we find that
1
F = (1=i)(an) | 1(p)pdap)dp,

where f is a complex function.
Finally substituting (A 3.12) into (A 3.9) we obtain

# = yova [ Re (1) + T (e W1 p a0 |

+dral [ (Re{fo) ~Im (AN p(ap) dp}

(A3.7)

(A 3.8)

(A 3.9)

(A 3.10)

(A3.11)

(A3.12)

(A 3.13)

where Re[f(r)] = [fo(r)+ (Re A)fYr)], and Im[f(r)] = [(Im A)fYr)]. With the
solution (5.15) of the integral equation, the normalized damping coefficient can

also be evaluated by (A 3.13).
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